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AN INSPIRATION TO Us ALL 
This paper is a continuation of the work in [S]. Throughout? R is a 
commutative ring with identity and all modules are assumed to be unitary, 
An R-endomorphism T on an R-module JZ%! is locally scalar if, for each x 
in J%?. there is an r.r in R such that Tx= r,x. Equivalently, T is locally 
scalar on JZ if T(,I’) c ,V for every R-submodule ,I,‘” of ,&‘. An R-module 
J&C’ is scalar-reflexive if every locally scalar endomorphism is a scalar (i.e., 
multiplication by an element in R). We say that R is scalar-rq%xice if 
every finitely generated R-module is scalar-reflexive and strongly scalar- 
reflexive if every R-module is scalar-reflexive. Note that in [S] we used 
the term “strictly scalar-reflexive ring” instead of “scalar-reflexive ring”; 
since we have completely characterized strongly scalar-reflexive rings 
(Theorem 5), we feel that the new terminology is more appropriate. 
The notion of scalar-reflexivity was motivated by results on algebraic 
reflexivity [4] that were used to prove reflexivity theorems for Banach- 
space operators [4, 61. 
In this paper we show that a ring is strongly scalar-reflexive if and only 
if it is a finite direct sum of maximal valuation rings. (Note that we do not 
require valuation rings to be domains.) We also show that a local ring is 
scalar-reflexive if and only if it is an almost maximal valuation ring. In 
addition, we show that every Dedekind domain is scalar-reflexive, and we 
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completely characterize the scalar-reflexive modules of a PID. We show 
that every non-torsion module over a domain is scalar-reflexive. 
In [S] we showed that a scalar-reflexive ring R is strongly scalar- 
reflexive if and only if R is strictly closed in End,(&) for every R-module 
&?. (A subset U of End,(A) is strictly open if, for each Tin U, there is a 
finite subset E of -4’ such that {SE End,(JH): Sl E= TI .} c U.) We first 
isolate the latter property and relate it to known properties of rings. 
If Y(R) denotes the set of ideals of R and 9(R) = n{ R/L IE 9(R)}, then 
we topologize Y(R) with the product topology by giving each R/I the 
colinite topology (i.e., the nonempty open subsets of R/I have finite com- 
plements). We embed R into Y(R) in the natural way and call the inherited 
topology on R the cofinite-ideal topology. 
Suppose 59 is a downwardly directed (by 3 ) subfamily of Y(R). A net 
{xn} in R is Sconuergent to x if, for each I in 9, the net {xn) is eventually 
in x + I. The net {x,~} is %Cauch~~ if the net {xn -x,} is g-convergent to 
0. The ring R is ~-complete if every 5Cauchy net is g-convergent. It is 
not difficult to show that R is L&complete if and only if a family 
{-x=x1 mod I: IE $9) has a solution whenever it is finitely solvable (i.e., 
every finite subfamily has a solution). The ring R is maximal [l] (or 
[inearly compact in the discrete topologJ7 [ 111) if every finitely solvable 
family {x = X, mod 1, : CI E A } of congruences has a solution. It is clear that 
R is maximal if and only if R is $&complete for every downwardly directed 
family 9 of ideals. 
LEMMA 1. The following are equivalent. 
(1) R is strictly closed in End,(&) for every R-module J/*. 
(2) R is compact in the cofinite-ideal topolog~~. 
(3) R is maximal. 
ProoJ: (2) o (3). Since the complements of cosets of ideals form a sub- 
base for the colinite-ideal topology, it follows from the Alexander subbase 
theorem [8] and DeMorgan’s laws that R is compact in the cofinite-ideal 
topology if and only if every collection {x, + 1, : u E A } of cosets of ideals 
has nonempty intersection whenever each finite subcollection has 
nonempty intersection. The latter condition is clearly equivalent to the 
maximality of R. 
( 1) * (3). Suppose (1) holds and (X = x, mod 1, : c( E A } is a finitely 
solvable family of congruences. If J% = I@ R/I, and T is the 
endomorphism that multiplies the &h coordinate by X, + I,, then T is in 
the strict closure of the scalars (by finite solvability), and thus, by (l), the 
family {x = x, mod 1, : CI E A } has a solution. 
(3) 3 (1). Note that R is strictly closed in End,(-&) if and only if 
any endomorphism whose restriction to each finitely generated submodule 
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is scalar is itself scalar. Then with R maximal and &’ an R-module, let A 
be the set of all finitely generated submodules of ,fl. If TE End,(J#) is 
multiplication by a scalar rX on each X in A, then the set 
(r = rX mod Ann(X): XE A} is finitely solvable, whence T is globally multi- 
plication by the solution Y. 1 
COROLLARY 2. Every strongly scalar-reflexive ring is maximal, and eveqy 
maximal scalar-rejlexive ring is strongly scalar-reflexive. 
It was shown by D. Zelinsky [11] (see Theorem 1.6 in [l]) that every 
maximal ring is a linite direct sum of local rings. (A ring R is local if it has 
a unique maximal ideal; equivalently, if its Jacobson radical $(Rj is a 
maximal ideal.) 
COROLLARY 3. Every strongly scalar-reflexive ring is a finite direct sum 
of local strongly scalar-reflexive rings. 
We now restrict our attention to local rings. A local ring whose ideals 
are linearly ordered by inclusion is called a valuation ring. Note that we do 
not require a valuation ring to be a domain. 
LEMMA 4. A local scalar-rejlexive ring is a valuation ring. 
Proof: Suppose R is local and R is not a valuation ring. Then there are 
elements x, y E R such that neither xR nor yR is contained in the other. 
Since it suffices to prove R/x9(R) is not scalar-reflexive, we can assume 
that x$(R) = 0. 
Let d8Y = (R 0 R)/X, where X = ((y, 0), ( -x, y)>, and define T on ,K 
by T(u, u)= (xu, 0). Suppose (u, v)E.M. If xtl=O, then T(u, v) =x(u, v). If 
XD #O, then u $3(R). Since R is local, ~1 is a unit and T(u, v) = (xu, 0) = 
(0, yu) = uw -‘(O, tl) = U~V-‘(u, v) (the last equality following from 
(y, 0) = 0). Hence T is locally scalar. 
If T= r on &’ for some r in R, then T(0, 1) = (0,O) = (0, r) and T( LO) = 
(x, 0) = (r, 0) implies that (0, r), (r-x, 0) E Xx, That is, there exist 
a, b, c, de R such that (0, r) = a(y, 0) + b( -x, y) and (r - x, 0) = c(y, 0) + 
d(-x, y). Hence r=by,r-x=cy--dx, and dJl=O. Since dy=O, dis not a 
unit. So dEy(R) and thus dx=O. The first two equations now yield 
x = (b - ~)YE yR, a contradiction to xR $ yR. Hence T is not a scalar, 
and therefore R is not scalar-reflexive. i 
A ring R is an FGC ring if every finitely generated R-module is a direct 
sum of cyclic modules. (See [ 1 ] for a full account of FGC rings.) We 
proved in [S] that every FGC ring is scalar reflexive. A ring R is a/most 
maximal if RJI is maximal for every nonzero ideal 1. It was shown by 
I. Kaplansky [7] that an almost maximal valuation ring is an FGC ring. 
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Actually, Kaplansky only stated his result for domains, but his proof did 
not rely on the ring’s being a domain. (Note that for valuation rings that 
are not domains, “maximal’ and “almost maximal” mean the same thing.) 
It follows from Corollary 2 and Kaplansky’s result that a maximal valua- 
tion ring is strongly scalar-reflexive. In view of these facts, the following 
theorem is impled by Corollaries 2 and 3 and Lemma 4. 
THEOREM 5. A ring is strongly scalar-reflexive if and only if it is a finite 
direct sum of maximal valuation rings. 
Remarks. 1. The preceding theorem shows that the class of FGC rings 
falls between the classes of scalar-reflexive and strongly scalar-reflexive 
rings. 
2. Maximal valuation PID’s are exactly the complete discrete valua- 
tion rings. This familiar example shows very clearly how maximality is 
required for strong scalar-reflexivity. Namely, for a prime integer p, the 
Priifer group (Q/Z), 2 u n p r Z/p’7 is a module for both the localiation E, 
and the completion 2, and has the same submodules. Thus 2, is the set of 
all locally scalar Z,-endomorphisms. 
It was shown by D. Gill [3] and J. P. Lafon [9] that a local FGC ring 
is an almost maximal valuation ring. For local rings, being FGC is the 
same as being scalar-reflexive. 
THEOREM 6. Suppose R is a local ring. The following are equivalent. 
(1) R is scalar-rejlexive. 
(2) R is FGC. 
(3) R is an almost maximal valuation ring. 
ProoJ The implication (3) * (2) is due to Kaplansky [7] (see [ 11). 
The implication (2) * (I) is in [S]. 
To show (1) +- (3), suppose R is scalar-reflexive. It follows from 
Lemma 4 that R is a valuation ring. Assume, via contradiction, that R 
is not almost maximal. Then there is a finitely solvable family {x= 
X, mod Z,: 0: E A} that is not solvable such that Z= n, Z, # 0. There is no 
harm in assuming that Z, # R for every CI in A. Since R is local, Z, c $(R) 
for each 01 in A. Suppose a, 1-3 E A. By finite solvability, we know that there 
is an x in R such that x - x, E Z, and x - ;yg E ZB. Since R is a valuation 
ring, xg - x, = (x - x,) - (x - xa) E Z, u I, c f(R). Since R is local, it 
follows that either all of the x,‘s are units or all of the x,‘s are nonunits. 
There is no harm in assuming that each x, is a unit (otherwise, replace x, 
by 1 + x,). It is also clear that Z, #I for each a in A (otherwise, x=x, with 
Z, = Z would be a global solution to the family of congruences). 
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Note that since R is a valuation ring, we know that if a, b E R, then either 
a divides b or b divides a. Also, if a does not divide b, then a E bf(R); For 
each a in ,f(R)\I, choose CI = u(a) so that alIz, and let u,,=x,(~). It 
follows that I+, c @(R j. Choose c in I so that c # 0. Then, for each a k 
f(R)\& there exists CY, E y(R) such that UMJ, = c. 
Suppose a, b E y(R)\I and b = ad. Then aw, = c = bu’, = adbv,, whence 
a( )v, - hv,) =O. Thus MJ,- dlvb does not divide it’, (since c# 0). The 
preceding paragraph implies bt’, - dtv6 = ~‘,e with e E y(R). Thus +v, = 
(1 -e)-’ djv6. Moreover, since b = ad, we know that ug - ZI, =.‘c,(~) - 
X,(a) E I&) ” Ix(b) cad(R) u b%(R) = af(R). Hence z16 - u, = cu for some t’ 
in f(R). Thus the family {x= U, mod af(R): a E$(R)\I) is finitely 
solvable. It is easily shown that a solution to this family would be a 
solution to the family {x = x, mod 1, : c1 E A }. Thus (X = tia mod a/(R): 
a E f(R)\I) is not solvable. 
Let &Z = (R@ R)/X, where X is the R-submodule generated by 
c,f(Rj@cy(R) and {(H’~, -w,z~,j: aE$(Rj\I). Let T be the R-endo- 
morphism on 4? defined by T( U, u) = (cu, 0). 
We first show that T is not a scalar. If T= r on ,@ for some r in R, then 
(c, 0) = T(l, 0) = (v, 0) and (0,O) = T(0, 1) = (0, r) implies that (0, I), 
(v - c, 0) E X. If r divides c, then (0, c) E 2”. If r does not divide c, then e 
must divide r. In particular, Y = ct for some t in j(R). Then (r-c, 0) = 
(t - l)(c, 0), and the invertibility of (t - 1) implies (c, 0) E X. We will 
show that T is not a scalar by showing that (c, 0), (0, c) $ X. Note that 
if. as above, a, b E j(R)\I and b = ad, then, since M?, = (1 -e)-’ dbv, 
and ub-- U, = cu for some L! in j(R), we have (by,, -~v,LJ,) = 
d(1 -e)pl(w,, -MJ~z+,) + (0, tt-,(ut-uU,)j = d(1 -e)-l(~.!~, -M.‘~zQ,~ -P 
(0, cv). It follows that an arbitrary element of 2” has the form 
S(Wb, -M’~u~) + (cg, ch) with s E R, b E f(R)\,I, and g, h E y(R). In par- 
ticular, it is easily shown that (c, 0), (0, c) $ X. For example, if (c, 0) has 
the form of an arbitrary element of X, then c( 1 - g) = sbsb and --sw&u~ + 
ch = 0, which implies that c( 1 - g) ub - ch = 0. Since g, h E y(R) and ug is 
a unit, it follows that c = 0, a contradiction. Thus T is not a scalar. 
To show that T is locally scalar, suppose (u, v) E ~2’. If u is not a unit, 
then u E f(R), which implies T(u, o) = O(u, 21). Similarly, if v is not a unit, 
then T(u, u) = c(u, u). Hence we can assume that u is a unit and u = 1. 
Choose a E y(R) so that -u # U, mod af(R) (we are using the non- 
solvability of the family {X = U, mod a%(R): a E B;(R)\I) ). Since (pi,, 0) = 
(0, 1~~24,) in ~2, we conclude that tv,( 1, V) = (TV,, 0) + (0, E~,L’) =
(0, w-,(u, + u)) = (~;~tv,(u, + u), 0). Since U, + v +! a/(R), there is an r in R 
such that r(u,+ a) =a. Thus T(u, u)= T(1, c)= u,M,,r(I, v). Hence T is 
locally scalar. 
Since T is locally scalar but not scalar, we contradict (1). Thus R must 
be almost maximal. i 
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Remark. Note that it follows from the proofs of the preceding theorem 
and Lemma 4 that a local ring is scalar-reflexive if and only if every doubly 
generated module is scalar-reflexive. 
The following is an adaptation of Theorem 7 in [4]. 
PROPOSITION 7. If R is a domain, then every non-torsion R-module is 
scalar-reflexive. 
Proof Suppose ,K is a non-torsion R-module. Then there is an x in A’ 
such that, for each r in R, rx = 0 implies r = 0. Suppose T is a locally scalar 
R-endomorphism. Then TX = rx for some r in R. Suppose y E A! and 
Ty = uy for some a in R. There are two cases to consider. 
Case 1. Rx n Ry = 0. In this case, for some c in R, we have T(x + y) = 
c(x+ y), which implies (c-r)x=(a-c)y=O. Hence c-r=0 and 
ay = cy. Thus Ty = uy = ry. 
Case 2. Rx n Ry # 0. Then there are nonzero scalars b, c such that 
bx = cy # 0. Thus rbx = T(bx) = T(cy) = acy = abx. This means that 
(r - a) bx = 0, which implies (r - a) b = 0. Since R is a domain and b # 0, 
we conclude r = a. Thus Ty = ry. 
It follows from the preceding cases that T= r. Hence A is scalar- 
reflexive. 1 
Remarks. It might seem from Theorem 6 that if R is local and A? is a 
finitely generated R-module, then A’ is scalar-reflexive if and only if ,M is 
a direct sum of cyclic modules. However, this is not true even when R is 
a valuation ring. In [2, p. 180, Theorem 2.41 it is shown that a finitely 
generated R-module (R a valuation ring) is a direct sum of cyclic modules 
if and only if the Goldie dimension of A! equals the minimal number of 
generators of A!. Hence if A? is not a direct sum of cyclic modules, then 
neither is R @ A. However, R@ A is non-torsion and is always scalar- 
reflexive if R is a domain. 
We now use Proposition 7 to characterize the scalar-reflexive modules of 
a PID. It was shown in [4] that if F is a field then an F[x]-module is not 
scalar-reflexive if and only if it is faithful and torsion. The same proof 
shows that the result remains true with F[x] replaced by the ring Z of 
integers. The following theorem is counter to the adage that modules over 
PID’s behave like Z-modules. However, the corollary shows that the PID’s 
that are maximal valuation rings (i.e., the complete discrete valuation 
rings) are the only exceptions. 
If I is an ideal in R, then R is I-complete if R is complete with respect 
to the family f1, I’, Z3, . ..>. It is easy to show that R is I-complete if and 
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only if, for every sequence {xn) in R with each x, E I”, there is an x in R 
such that .Y = Ck < n xk mod In for n 2 1. Clearly x is unique mod( [J,, I”). If 
n, I” = 0 and R is Z-complete, then Ic j’(R); i.e., if x E 1, then (1 -x)-I = 
c ,laO Y* exists in R. It therefore follows that if I is a maximal ideaI in R 
such that R is I-complete and & I” = 0, then R is a local ring. If in addi- 
tion I is principal, then the nontrivial ideals in R are powers of I; thus R 
is a discrete maximal valuation ring. 
If P is a prime (equivalently, maximal) ideal in a PID R and ,K is an 
R-module, then &‘p = {x E JL?: P”x = 0 for some n 2 I>. The module ~2’ is 
torsion if and only if ~fi is the direct sum of the -HP’s, where P ranges over 
all of the prime ideals of R. 
THEOREM 8. Suppose R is a PID. An R-module J&! is not scalar-reflexive 
if and only if 
(1) u&l is faithful, 
(2) ,H is torsion, and 
(3) either 
(a) Mp # 0 for infinitely many prime ideais P, or 
(b) ,C@p is faithfur for some prime ideal P and R is not P-complete. 
ProoK Suppose (l)-(3) hold. Since J& is torsion, ,&’ is the direct sum 
of the ,&p’s and each projection Qp of .X onto &‘p is a locally scalar 
endomorphism. If (3a) holds, then no nonzero Qp is a scalar. On the other 
hand if (3b) holds, then there is a prime ideal P such that &‘p is faithful 
and R is not P-complete. Hence there is a sequence (xn> such that x, E P” 
for n 3 I, and such that the family of congruences {X = CkXn xk mod P’? 
FZ 2 1 > has no solution. In this case 1 k2 1 xkQp converges in the strict 
topology on End,(k’) to a locally scalar endomorphism that is not a 
scalar. Thus if (l)-(3) hold, then 4’ is not scalar-reflexive. 
Conversely, suppose ,& is not scalar-reflexive. It follows from Proposi- 
tion 7 that .& is torsion. If &2’ is not faithful, then Ann(M) is a nontrivial 
ideal and ,& is a non-scalar-reflexive R/Ann(M)-module. However, it was 
shown in [S] that R/I is strongly scalar-reflexive when R is a PID and I 
is a nontrivial ideal. Thus ~.4’ is faithful. Since 4 is torsion and faithful, it 
follows that if (3a) fails, then &p must be faithful for some prime ideal P. 
Since P is a maximal ideal and n, I” = 0, it follows that R is not P-com- 
plete; otherwise, R would be a maximal valuation ring and, by Theorem 5, 
would be strongly scalar-reflexive. 1 
COROLLARY 9. Suppose R is a PID and not a discrete maximal valuatioaz 
ring. An R-module is not scalar-reflexive if and only if it is faithfu! and 
torsion. 
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The following theorem shows that not every strictly scalar-reflexive 
domain is an FGC ring. A domain R is h-local if every nonzero element of 
R is contained in at most finitely many maximal ideals of R and if every 
nonzero prime ideal is contained in only one maximal ideal. 
THEOREM 10. If R is an h-local domain and if R, is an almost maximal 
valuation ring for every maximal ideal A’, then R is scalar-rejlexive. 
ProoJ: It follows from [lo] (see Theorem 5.1 in [ 11) that every finitely 
generated torsion R-module is scalar-reflexive, since a finite direct sum of 
cyclic modules is scalar-reflexive [S]. On the other hand, Proposition 7 
implies that every non-torsion R-module is scalar-reflexive. Hence R is 
scalar-reflexive. u 
COROLLARY 11. Every Dedekind domain is scalar-rejlexive. 
Questions and comments. (1). Since the FGC property falls between 
scalar-reflexivity and strong scalar-reflexivity, it is natural to ask if there 
is some “nice” property which, when combined with scalar-reflexivity, is 
equivalent to FGC. 
(2) What are the scalar-reflexive domains? Since they are not all 
FGC rings, is there some reasonable characterization of them? Is every 
scalar-reflexive domain h-local? 
(3) The ultimate goal of the theory is, given a ring and a module, to 
tell if the module is scalar-reflexive. Although this seems an impossible task 
[S], for certain types of rings or modules, sme results should be possible. 
In [2] those finitely generated modules over a valuation ring that are 
direct sums of cyclic modules are characterized. Is there a similar charac- 
terization for finitely generated scalar-reflexive modules? 
ACKNOWLEDGMENT 
The first author gratefully thanks the National Science Foundation for its support while this 
research was undertaken. 
1. W. BRANDAL, “Commutative Rings Whose Finitely Generated Modules Decompose.” 
Lecture Notes in Mathematics, No. 723, Springer-Verlag, New York/Berlin, 1979. 
2. L. FUCHS AND L. SALCE, “Modules over Valuation Domains,” Lecture Notes in Pure and 
Applied Mathematics, Vol. 97, Dekker, New York, 1985. 
3. D. GILL, Almost maximal valuation rings, J. London ilfuth. Sot. (2) 4 (1971), 14c-146. 
SCALAR-REFLEXIVE RINGS 319 
4. D. W. HADWIN. Algebraically reflexive linear transformations, Linear and Multiiinear 
Algebra 14 (19831, 225-234. 
5. D. W. HADWIN AND J. WALD KERR. Scalar-reflexive rings, Proc. Amer. .&fat/t. Sot. 103 
(1988), 327-340. 
6. D. W. HADWIN AND S.-C. ONG, On algebraic and para-reflexivity, J. Operator Theory 17 
(1987), 23-31. 
7. I. KAPLANSKY, Modules over Dedekind rings and valuation rings, Trans. Amer. Mctl?. 
Sot. 72 (1952), 327-340. 
8. J. L. KELLEY, “General Topology,” Van Nostrand, Princeton, NJ, 1955, reprinted 
Springer-Verlag, New York/Berlin, 1975. 
9. J. P. LAFON, Anneaux locaux commutatifs ur lesquels tout module de type fini est somme 
direct de modules monogenes, J. Algebra 17 (1971), 575-591. 
10. E. MATLIS, Decomposable modules, Trans. Amer. Math. Sot. 125 (1966), 147-179. 
11. D. ZELINSKY, Linearly compact modules and rings, Amer. J. Marh. 75 (1953), 75-90. 
481/125/2-5 
